We develop an analytical model for atmospheric boundary layer flow over a hill that is covered with a vegetation canopy. The slope of the hill is assumed to be small enough that the flow above the canopy can be treated within the linear framework of Hunt et al (1988) . Perturbations to the flow within the canopy are driven by the pressure gradient associated with the flow over the hill. In the upper canopy this pressure gradient is balanced by downwards turbulent transport of momentum and the canopy drag. The flow there can be calculated from linearized dynamics, which show that the maximum streamwise winds are where the perturbation pressure is at a minimum, i.e. near the crest of the hill. Deep within the canopy the pressure gradient associated with the flow over the hill is balanced by the canopy drag, here the nonlinear canopy drag. This nonlinear balance shows how the streamwise winds are largest where the perturbation pressure gradient is largest, i.e. on the upwind slope of the hill. In the lee of the hill this nonlinear solution shows how the pressure gradient decelerates the wind deep within the canopy and leads to separation with a region of reversed flow when the canopy is sufficiently deep. Coupling between the out-of-phase flows within and above the canopy means that the maximum velocity is further upwind of the hill crest than in flow over a rough hill, while the extra turbulent mixing caused by the canopy significantly reduces the magnitude of the velocity speed-up over the hill. Finally, we find that there is no formal limit process where the solutions with a canopy yield the well-known solutions for flow over a rough hill. This finding calls into question the very use of a roughness length in accelerating or decelerating turbulent boundary layers.
Introduction
We investigate the flow of a neutrally-stratified atmospheric boundary layer over a hill covered with a deep plant canopy. The work has four motivations. Firstly our understanding of atmospheric boundary layer flow over plant canopies is mainly restricted to flow over homogeneous canopies on level terrain, so there is a fundamental need to understand more general, heterogeneous, canopy-flows (see Finnigan 2000) . Secondly, there is a large investment worldwide in continuous measurements of the surface-atmosphere exchange of energy and greenhouse gases (Baldocchi et al, 2001) , which has produced an urgent need to interpret measurements made over forests in complex topography. Thirdly, the even-larger worldwide investment in wind energy is seeing wind turbines sited in regions of mixed topography and forests and so there is a need to develop quantitative understanding of the output of such turbines (Ayotte, et al 2001) . Fourthly, parameterization of orographic roughness has been shown to improve the skill of numerical weather prediction models (see Belcher and Hunt 1998) . Recent computations by Brown et al (2001) and Allen and Brown (2002) suggest that a hill covered with a plant canopy exerts a substantially stronger drag on the atmospheric flow than a smoother hill, but the mechanism that gives this increase is not currently known.. Ruck and Adams (1991) measured flow over a two-dimensional ridge covered with a tall canopy in a wind-tunnel. They observed significant reductions in the magnitude of velocity speed-up at the crest of the hill compared to the values measured over smoother hills. Interpretation of their results is complicated, however, by the change in roughness that appears to occur close to the foot of their hill and by the fact that they limited their measurements to the flow above the canopy. Finnigan and Brunet (1995) made a more comprehensive set of wind-tunnel measurements, both within and above the canopy. They observed striking changes to the inflexion point in the mean velocity profile that is characteristic of flow at the top of a canopy. On the windward slope, about halfway up the hill, the inflexion point disappeared and the turbulent shear stress penetrated much deeper into the canopy than in the unperturbed flow. At the crest of the hill in contrast, the shear at the inflexion point was substantially stronger and the turbulent shear stress had an associated large peak at the canopy top and then dropped to zero in the upper third of the canopy. Finnigan and Brunet advanced a qualitative explanation for these features in terms of differences in the adjustment of the flow within and above the canopy to the pressure gradient associated with flow over the hill. One aim of the present work is to develop a quantitative model for these processes. Wilson et al (1998) were able to reproduce these main characteristics of the flow using a numerical model with a k λ − eddy-viscosity turbulence closure. The use of eddy viscosities within canopy flows requires justification because they are known to be poor descriptors of turbulent transport in there. In this paper we show how they can describe the mean-flow perturbations caused by the hill, but not the unperturbed background flow.
Recently, Brown et al (2001) and Allen and Brown (2002) have conducted large-eddy simulations of flow over hills. Issues related to resolving the flow in the dynamically important inner region led them to represent the roughness elements on the surface of the hill using a canopy. In their simulations the large-scale turbulence above the canopy was resolved and turbulence in the flow within the canopy was represented with an eddyviscosity model. The primary aim of this work was to evaluate the success of large-eddy simulation of boundary-layer flow over hills. Nevertheless, it can be seen from their results that the canopy reduces the speed-up of the flow over the hill. At the same time it increases the asymmetry of the flow about the crest of the hill, and thence also increases both the drag on the hill and the tendency for the flow to separate. The dynamical processes that yield these differences are currently obscure.
Present knowledge of the role of a canopy in the flow over a hill, and the flow within a canopy on a hill, is thus uncertain. What is needed is a dynamical framework within which to understand the flow and to identify the controlling physical parameters. Such a framework will help organize and interpret measurements or computations. We address this need here by developing an analytical model of flow above and within a canopy on a hill. The slope of the hill is supposed to be sufficiently low that the perturbations to the background flow above the canopy can be analyzed with linearized equations. We can then build upon the well-developed framework of Hunt et al (1988) , Belcher (1990) and Belcher et al (1993) for flow over rough hills. The flow of air above and within a canopy on flat terrain is described in section 2. In section 3 the problem of the changes to this background flow caused by a hill is stated mathematically and in section 4 the linear model of the perturbations to this background flow by a low hill is reviewed briefly. In section 5 the perturbed flow within the canopy is analyzed. The coupling between the flow above and within the canopy is calculated in section 6. Results are presented in section 7 and conclusions in section 8.
Flow within and above a homogeneous canopy
Consider neutrally-stratified atmospheric boundary layer flow within and above a uniform homogeneous canopy of height h driven by a synoptic pressure gradient that yields a wind above the canopy with friction velocity u * .
Above the canopy,
, the boundary layer is modelled as a neutrally-stratified surface layer, so that the turbulent shear stress,
, is approximately constant with height, and the mean velocity profile,U , is logarithmic, namely,
where is the displacement height associated with the canopy, is the roughness length of the canopy, is von Karman's constant and the origin of vertical coordinate, , is taken at the top of the vegetation. The subscript B is used throughout to denote the basic or background flow. The kinematic shear stress, , is represented by a mixing length model, with mixing length l :
Above the canopy the mixing length increases with height as l . Within the canopy, , the turbulent stress gradient balances the canopy drag, which comes predominantly from pressure forces on the canopy elements and so is parameterized here as (see also Brunet et al., 1994) . C is the drag coefficient of individual canopy elements and is the leaf area per unit volume of space. The canopy drag is written here
Ca is an adjustment length scale of the canopy . Hence the momentum balance in the canopy is
The turbulent stress within the canopy is modelled using a mixing length (2), but now with a constant mixing length, namely l . A discussion of the appropriateness of this turbulence closure within the canopy is given in Appendix 1. Throughout the following analysis we focus on deep canopies,
, where all the momentum is absorbed by the foliage. The momentum balance (3), with the mixing length model (2), then shows (Inoue 1963 ) that the mean wind profile is exponential
where is the mean wind speed at the top of the canopy and the canopy mixing length, , is given by
Here β * = h u U quantifies the mass flux through the canopy. For closed uniform natural canopies, typical values are 0.3; 0.25 (Raupach et al, 1996 : Brunet et al, 1994 . For a canopy with a , these relations yield and l m.
The mean wind speed and turbulent shear stress are continuous at the top of the canopy , and if the mixing length is also assumed to be continuous, then
Hence, the synoptic pressure gradient fixes u , * β is an empirical constant and the canopy We now develop a model for the changes to the basic flow caused by a low hill. The geometry of the hill and canopy and the upwind velocity profile is illustrated in Figure 1 . The hill shape is described by follows the topography near the surface and relaxes to the basic undisturbed flow far above the surface (Belcher, 1990; Belcher et al, 1993) . A suitable choice for the lines of constant Z is the streamlines of inviscid, irrotational flow over the hill forced by a uniform basic wind of unit magnitude. The streamwise coordinate X is then defined so that the coordinate system is orthogonal. Hence the displaced coordinate system is given by (
, , 
where
The equations of motion are transformed into this coordinate frame using standard methods (e.g. Finnigan, 1983) , which in the most general case has several consequences. , that are of interest here the extra terms in the equations and the errors involved in treating the dependent variables as conventional physical quantities while at the same time treating the directional derivatives as partial derivatives are all
The hill produces perturbations to the basic flow which are denoted here by,
for the streamwise velocity, vertical velocity, kinematic pressure and kinematic turbulent shear stress. The streamwise velocity is written as the undisturbed profile (expressed in the displaced coordinates) plus a perturbation . The actual flow streamlines depart from the streamlines of inviscid flow so there is a vertical velocity perturbation, . In 
We have also neglected linear terms involving the gradients of the normal Reynolds stresses as they play no significant role in the momentum balance. The last terms on the right hand sides of (9) a and b represent the absorption of momentum by the foliage, so
is the Heaviside step function, defined by and H .
It is clear that, when the velocity perturbations are defined as in (8), the linearized momentum equations have the same form as in Cartesian coordinates.
Finally we note that these transformed equations differ from those presented in Belcher (1990) and Belcher et al (1993) . In those papers the coordinate frame was transformed but the dependent variables were not. Instead the dependent variables remained in the original Cartesian reference frame. Here we prefer to transform also the dependent variables. Firstly, this approach is physically intuitive. Secondly, it is in accord with the standard practice in field experiments in complex terrain to rotate measurements either into surface following coordinates or into the Cartesian frame aligned with the local mean wind vector: the dependent variables in (9) give a close approximation to this practice.
The outer boundary conditions are that the perturbations decay far above the hill, so that , , , 0 as
At the top of the canopy, the velocity and turbulent stress are continuous. Here it is assumed that the mixing length is also continuous, so that continuity of stress implies that the velocity gradient is also continuous at the top of the canopy. Finally we note that for the deep canopies considered here it is appropriate to use a free slip boundary condition at the ground surface on the hill. The reason is that in a deep canopy the stress perturbations decay to negligible levels for 0 = Z h >> l Z l >> and so we can treat any boundary layer that develops actually at the surface beneath the pressure driven lower-canopy flow perturbation as decoupled from the rest of the solution.
Flow above the canopy
The dynamics of the flow above a rough hill, where the roughness elements are represented with a roughness length , are now well understood. A sketch of the analysis is given here, for a full discussion see Hunt et al (1988) (henceforth, HLR), Belcher (1990) and Belcher et al (1993) .
As the atmospheric boundary layer flow is deflected over the hill, the consequent vertical motion leads to a pressure perturbation, with the minimum pressure at the hill crest. This pressure field accelerates the streamwise flow on the upwind slope and then decelerates the flow in the lee of the hill. Through the bulk of the flow above the canopy the gradients of the turbulent shear stress in (9) can be ignored because they are much smaller than the inertial terms:
Within this outer region the velocity perturbation is, to leading order in * B u U , inviscid. In the upper part of this region, where the shear in the background wind is also small, the velocity perturbations are well described by potential flow so that the displaced streamlines follow the Z-lines and the additional perturbation vertical velocity in (9) approaches zero, i.e. ∆ → . Solution of the vertical momentum equation (9)b then shows that the magnitude of the outer-region pressure perturbation is
where R is the local radius of curvature of the Z coordinate lines (Finnigan, 1983) .
These inviscid processes lead to flow perturbations that decay to zero far above the hill but are not zero at the surface of the hill and so do not satisfy the no-slip condition. Of course the real flow must satisfy no slip and there is a relatively thin layer near the ground, known as the inner region (Jackson & Hunt, 1975) , where the effect of perturbations to the turbulent shear stress become comparable to the inviscid processes. In this inner region shear stress perturbations progressively reduce the streamwise velocity perturbation as the top of the canopy is approached.
The perturbation shear stress within the inner region is parameterized by the mixing length model, the mixing length increasing linearly with Z as in the basic flow described in §2. On linearising about the basic state this model yields,
The height of the inner region, , is defined by the implicit relation,
ln is typically large, the inner region is a thin layer, i.e. 1 i h L << . This allows three approximations. Firstly, the vertical momentum equation (9) 
where the velocity scale for the pressure perturbation isU U , and h is the height of the middle layer, which is defined as follows. If L is less than about 20% of the boundary layer depth, then the approach flow is logarithmic up to a height ~L and is given by,
If L is greater than the depth of the logarithmic region then h may be taken as equal to the depth of the boundary layer (HLR, Belcher, 1990) . When the hill is sinusoidal with the coordinate lines defined by (7), the pressure perturbation that drives the flow in the inner region is,
where the tilde denotes a solution for a sinusoidal hill. A second implication of the thinness of the inner region is that the vertical velocity perturbation is smaller than the streamwise velocity perturbation, by a factor 1
. Thirdly, to a leading-order approximation, the background wind speed in the inner region can be approximated by its value at the inner region height, namelyU U . With these approximations the streamwise momentum equation (9)a within the inner region of the flow above the canopy becomes
Hence in the inner layer, the forcing by the pressure gradient induced by the hill is balanced by streamwise acceleration and the divergence of the perturbation shear stress.
The approximate solution of (16) for a hill of sinusoidal shape is ( )
,
) , (17) where ( 
Here prime denotes differentiation with respect to Z .
The solution for hills of more general shape is constructed by Fourier superposition, with the amplitude, 2 H ) of the sinusoidal mode with wavenumber k replaced by the Fourier amplitude ( f k of the hill, which is defined by,
The solution for the streamwise velocity perturbation, for example, is then reconstructed using
For low hills x and X can be used interchangeably in the Fourier transforms, with errors of second order in H L .
For a rough hill, enforcing the no slip condition through a logarithmic law of the wall leads to . For flow over a canopy, the coefficient is fixed by ensuring that
A k velocity and shear stress are both continuous at the top of the canopy. Hence (17) and (18) are matched to the solutions for flow within the canopy, which we develop in §5 below. The continuity conditions are treated in §6.
Flow within the canopy
As in the inner region above the canopy, the main effect of the hill on the flow in the canopy is to apply a varying horizontal pressure gradient. The effects of this pressure gradient are analyzed first by considering the linearized momentum equations (9) a, b within the canopy. Their solution determines the flow perturbations in the upper portion of the canopy. These linearized solutions, however, cease to be valid deeper within the canopy, and we shall find that a different nonlinear balance is dominant there.
Flow perturbations in the upper canopy
Within the upper part of the canopy the linear perturbation to the shear stress is determined by substituting the decomposition (8) into the mixing length model, now using the constant mixing length 
The basic wind profile in the canopy is given by ( ) ( Firstly, the continuity equation (9)c shows that the vertical velocity perturbation ( )
Secondly, the vertical momentum equation (9)b shows that the vertical variation of the pressure perturbation induced by the hill may be ignored at first order, just as in the inner region of the flow above the canopy. Thirdly, the magnitude of the advection term in the streamwise momentum equation (9)a can be compared to the magnitude of the shear stress gradient:
showing that advection is much smaller than the shear stress gradient in the upper canopy. Employing these three simplifications, the linearized streamwise momentum equation in the upper canopy becomes 2 0 2 2 2
Hence, the streamwise pressure gradient induced by the flow over the hill is balanced by a combination of vertical momentum transport by the turbulent shear stress and a loss of momentum to the canopy drag.
The solution of (20) is
HereU is the scaling for the streamwise velocity perturbation within the canopy given by
Hence the linearized solution (21) is valid provided that the perturbation velocity is smaller than the velocity in the basic state, i.e. 1 << c h U U . This condition ensures that the force due to the pressure gradient induced by the hill is much smaller than the drag in the canopy due to the basic state. Equation (22) shows that this condition is satisfied provided the hill has sufficiently low slope, (21) is the response in the canopy to the varying pressure gradient induced by the hill.
B X
The shear stress perturbation is calculated by substituting the velocity perturbation (21) into (19) to give ( )
Deep within the canopy, as , the second term becomes exponentially large. This makes no physical sense, and so we set to keep the perturbation to the shear stress finite deep within the canopy.
For a sinusoidal hill the pressure perturbation is given by (15) and so the velocity and stress perturbations in the upper canopy can be written
Re 2
where ( )
and as before the tilde indicates a solution for a sinusoidal hill.
Breakdown of the upper canopy solution
The solution obtained above for the horizontal velocity perturbation must be added to the undisturbed wind profile to obtain the total wind profile in the canopy, namely,
Hence, deep within the canopy, where β
, u increases because of the third term on the right hand side, but the undisturbed wind speed decreases. At some depth, denoted here for breakdown depth, these two terms become of the same order of magnitude and, below , can no longer be considered to be a small perturbation. This depth is determined by, 
, where different dynamics dominate. These are described next.
Flow perturbations deep within the canopy
Deep within the canopy, what forces balance the horizontal pressure gradient associated with the flow over the hill? The argument given above shows that for b Z Z >> the dynamical balance must be nonlinear because the background wind, around which we linearized in the upper canopy, has become exponentially small. Hence the full nonlinear form of the canopy drag must be retained in the momentum budget. Wind speeds deep in the canopy are expected to be even smaller than in the upper canopy and so we expect advection to remain small. What of the role of the stress gradient deep within the canopy?
The stress gradient in the undisturbed flow τ B d dz balances the canopy drag, U at all depths and hence needs to be considered deep in the canopy. Conversely, the solution for the perturbation stress (23) tends to a constant deep in the canopy, and hence the perturbation stress gradient tends to zero.
L These arguments suggest that deep within the canopy the streamwise perturbation pressure gradient is balanced by the portion of the canopy drag not supported by the undisturbed stress, i.e.
The modulus sign arises because the canopy drag is always directed against the local flow direction. This is an algebraic equation and its solution is, , 
where we have used (4) for the undisturbed velocity profile. This is precisely the same as the solution (26) when . Hence the solutions match in a formal mathematical way, which gives us confidence that no important physics has been missed in making the approximations. The condition for the nonlinearity to have decayed to small values in the upper canopy is that the third term in the binomial expansion in (30) should be small compared with the second. The retained term is four times bigger than the neglected term if ( ) ) which provides a quantitative limit on this condition of the analysis.
Sufficiently deep into the canopy U may become so small that half way down the lee slope. Zero wind speed and hence the onset of separation then occurs at a depth into the canopy given by,
Hence, if the canopy depth, h, exceeds then we expect a region of reversed flow deep within the canopy. The flow within the canopy has separated, whereas the flow above the canopy remains attached. Even on hills of arbitrarily low slope, , the flow within the canopy will separate if . The onset of separation occurs when
For canopies that are deeper than s Z there are separation and re-attachment points at
As the canopy becomes very deep so that
becomes small, or the slope of the hill becomes large, then the separation and re-attachment points tend respectively to and , i.e. the crest and trough of the hill. The separation region then spans the entire region of adverse pressure gradient.
A uniformly valid solution for the canopy flow
The detailed analysis has shown that the flow in the canopy separates naturally into two distinct layers. However for practical purposes it is useful to have a single, uniformly valid expression for the wind profile throughout the canopy. The solution (26) for u in the upper canopy is composed of two parts. Firstly, a part that decays exponentially into the canopy and is driven by the downward turbulent transfer of momentum from the faster flow above the canopy. And secondly a response to the streamwise pressure gradient associated with the flow over the hill. The solution deep into the canopy is a nonlinear response to the pressure gradient associated with the flow over the hill. Hence a uniformly valid solution for the total streamwise velocity (basic plus perturbation) is constructed by adding the first part of the upper canopy solution (21) to the nonlinear solution in the deep canopy (29), to yield,
The vertical velocity and stream function that arise from this solution are calculated in Appendix B. The calculation of the vertical velocity naturally brings the depth of the canopy, h into the solution and leads to a condition on h for the model developed here to be valid. This condition can be obtained by calculating at the crest of a sinusoidal hill, which is
The significance is that the vertical velocity increases exponentially towards the top of canopy at the crest of the hill. This large vertical velocity is the result of convergence, 0 u X ∂∆ ∂ < , throughout the depth of the canopy at the crest. Hence as the depth increases so must the vertical velocity to remove the mass. Now in the upper canopy advection, including vertical advection, was assumed small compared to the pressure gradient induced by the hill. Hence, the analysis of the upper canopy requires
The coefficient in (34) remains to be determined by matching to the solution for the flow above the canopy. This will be done in §6 below.
c A

Coupling at the top of the canopy
The unknown coefficients remaining in the solutions are now determined. The solutions for the velocity and stress in the flow above the canopy (17) and (18) are equated to the expressions for the velocity and stress in the canopy (24) and (25) 
2 2 1
whence velocity and stress in the upper canopy become,
( )
Belcher et al (2002) show that the length scale characterises the fetch required for flow within a canopy to adjust, hence measures the length scale for the variation within the canopy compared to the length scale of the varying pressure gradient, which drives the canopy flow away from local equailibrium. Hence the rough flow limit corresponds to small . However, some care is needed to recover the limit of a rough hill, which has , because in the limits just set up the shear across the inner region, S, then also becomes large. The distinguished limit is for kL and , but with remaining finite. But then 
This result is suprising: the limit of a rough hill does not yield the result obtained by HLR, namely , when a constant surface roughness is assumed! Physically this signals that the canopy does not tend to a passive constant roughness length in the accelerating and decelerating flow over a hill. In this way the present analysis casts into doubt the very concept of using a roughness length in non-uniform turbulent boundary In addition to this formal objection to the constant roughness length, the limit process to (43) (37) and (38).
The forms of the coupling constants help clarify the role of the upper canopy layer. It acts as the region of communication between the flow within the canopy, which is largely in phase with the perturbation pressure gradient associated with the flow over the hill, and the flow above the canopy, which is largely in phase with the pressure perturbation. The dimensionless canopy parameter measures how rapidly the canopy flow comes into equilibrium with the pressure forcing. For very small the canopy flow closely follows the flow in the inner region above the canopy, which itself is not much affected by the canopy. For larger the canopy flow more strongly changes the flow in the inner region above. , and then comparing with the solution obtained for a rough hill with the same value of . Secondly, the variation of the velocity profiles with canopy density, measured by c L L , is investigated. Finally, the streamline pattern is shown for different canopy depths, h.
Comparison of the canopy and rough hill case
Consider a sinusoidal hill with
and . With these choices, , and , and the inner layer depth is . These parameters yield
, which satisfies the conditions of the analysis. Finally the depth of the canopy is limited by the condition (36), which yields . Plots are shown that do not satisfy it in order to illustrate the significant features of the flow. It would be interesting to develop numerical solutions to establish whether the flow changes substantially from the analytical form when this limit on is exceeded. , whereas when a canopy is present the peak is less pronounced, lies around Z h = , and its magnitude is reduced by about 20%.
Secondly, the velocity perturbation deep into the canopy is zero at the peak and trough of the hill, and reaches maximum values around X L = ± , but with pronounced asymmetry upwind and downwind of the crests, due to the nonlinear solution. Finally, there are sharp gradients in the velocity profiles in the upper canopy in the lee of the hill crest. These gradients also arise from the nonlinear solution in the lower canopy (29), which for this choice of parameters is substantial relative to the upper canopy solution. In these panels it is clear that above the canopy the difference between the canopy and no-canopy total velocities is small but significant in the lower part of the inner layer but that within the canopy, the pressure driven, non-linear part of the canopy perturbation dominates. In particular, we can observe the rapid onset of reversed flow in the canopy between and
as we would expect from the streamwise profiles shown in Figure 3 .
Quantative comparison of this model with the measurements of Finnigan and Brunet (1995) (FB95) is not appropriate as their wind tunnel model hill was steep and flow in the lee was completely separated both within and above the canopy. A qualitative comparison of the flow upwind of the hill crest and results from the current model, however, shows close agreement. The measured profiles of FB95 displayed maximum positive velocity perturbations deep in the canopy close to X L = − while acceleration above the canopy was weak, the discrepancy being sufficient to remove the characteristic canopy-top inflection point in the mean velocity profile at this X position. Over the hill top, in contrast, the FB95 deep canopy perturbation was near zero and acceleration above the canopy was maximal leading to very strong shear (and a large peak in shear stress). In Figure 4 we see the same contrast between the profiles of total velocity at these two X positions. Figure 5 shows the effect of varying the canopy density across the range 0.2, 0.1, 0.05
As in the earlier figures the plot range is h Z . As canopy density increases, firstly, the uniform height-independent flow in the lower canopy is achieved at progressively shallower depths. Secondly, the overall magnitude of the canopy flow is reduced relative to the flow above the canopy. And thirdly, the flow in the inner region obtained with the canopy model become closer to the rough-hill solution. These findings support the interpretation that
controls the extent to which the dynamics within the canopy flow affect the flow in the inner region above.
Since our canopy parameterization should be valid for any aerodynamically rough surface covered with bluff objects, where all the momentum is absorbed as form drag on the roughness elements, in Figure 6 we have plotted a comparison of the canopy and nocanopy case for a very dense canopy where Ca . The other hill parameters are unchanged so we are observing flow over a rough hill without a deep canopy. It is obvious that, while the two solutions are close over much of the X range, significant differences remain at the bottom of the inner layer near crest and trough. This, as we have already stated, calls into the question the concept of using a constant surface roughness to parameterize momentum absorption on a hill. Figure 7 shows the streamlines computed from the formula for the streamfunction given in Appendix B. The canopy parameters are the same as for Figure 2 and h L . Figure 7a shows the streamlines of the total flow. There is a recirculation associated with flow separation within the canopy flow in the lee of hill, which induces a strong asymmetry in the flow. Figure 7b shows the streamlines of the perturbation flow to emphasize two further points. Firstly, the convergence around the crest of the hill, discussed in §5.5, can be seen clearly (it is not so evident in figure 7a when the mean flow is added). Secondly, concentrating on the perturbation streamlines emphasizes the large velocity gradients that develop at the edges of the integration domains, 2 and 3, defined in Appendix B. If the eddy viscosity model were used to represent turbulent momentum transport in this region of the flow, then these large velocity gradients would render the turbulent stress gradients large within these narrow layers. The effect would be to smooth slightly the velocity fields there, without changing the overall flow structure.
Flow Streamlines and Separation.
This contention is supported by numerical computations in Katul et al, (2002) . Hence these corrections are not analyzed in detail here.
Finally, in Figure 8 we plot the streamlines of total and perturbation velocity for the same hill and canopy density parameters as in Figure 7 but now for a canopy whose height, h is slightly less than the value of ( ) 1.6 s Z L = m so that separation is just avoided. Here we see that while the perturbation flow reverses in the lee, the mean velocity is strong enough to overcome the negative perturbation. Nevertheless, the asymmetry between the upwind and lee slope flow patterns remains marked.
Conclusions
We have constructed an analytic model of atmospheric boundary-layer flow over a low hill covered by a tall canopy. The undisturbed velocity profile U is defined by matching a conventional logarithmic profile above the canopy to an exponential profile within the canopy. This velocity profile flows over a hill that has a sufficiently low slope,
1 H L << , that flow perturbations induced by the hill above the canopy can be analyzed with the linear analytical framework developed for flow over rough hills (HLR; Belcher, 1990; Belcher et al, 1993) . The model for the flow within the canopy is based on: (a) a linearisation condition, 1 << within the upper canopy region and the inner region above the canopy smoothes this phase shift. The result is that the peak in speed-up in the inner region is further forward of the hill crest and diffused to higher levels compared with flow over a rough hill. The physical reason for this is the extra turbulent mixing that is produced in the canopy model because the mixing length l attains a constant value at the canopy top instead of continuing to decrease to 0 as in the HLR rough wall case.
If the canopy is deeper than a critical value of s Z then there is a region of reversed flow on the lee slope. The reversed flow is driven by the adverse pressure gradient in the lee of the hill, which is balanced deep within the canopy by the nonlinear drag. This explains the observation in Brown et al (2001) that numerical simulations of flow over hills covered with a canopy seem to separate more readily that hills with rough surfaces. We might expect separation above the canopy to appear when s h Z ≈ . This possibility and the relation to previous studies of separation from rough hills (e.g. Wood 1995) deserve further study.
The asymmetry of the non-linear solution is likely to have two important consequences. Firstly, the increased displacement of the streamlines from the surface on the lee side of the hill will increase the magnitude of the pressure perturbation in phase with the hill slope. This component of the pressure perturbation yields the form drag of rough hills (Belcher et al 1993 , Belcher 1999 . We speculate that this is the reason for the increased drag in simulations that resolve a canopy (e.g. Brown et al 2001) . Secondly, we suggest that the asymmetry in the flow, and in particular stagnation on the lee slope, promotes strong horizontal gradients of scalar quantities like CO 2 respired from the soil. Calculations by Katul et al (2002) show that the resulting advective fluxes can easily be as large as vertical eddy fluxes above forests on even moderate topography. This finding has important implications for the interpretation of CO 2 fluxes measured at towers in the FLUXNET Program (Baldocchi et al, 2001) , which usually ignore these advective fluxes as they cannot be measured from a single tower. The estimates of surface-atmosphere exchange of carbon dioxide need to be corrected for the advective fluxes if they are not to be in serious error.
Finally, we might expect in the limit of a dense canopy 0 L L → c the solutions tend to the solutions for flow over a rough hill derived by HLR. Firstly, the convergence to the limit is exceedingly slow, and for reasonable values of the parameters the canopy continues to play a dynamical role in the flow above the canopy. Secondly, and more fundamentally, the solution does not attain the rough-hill solution in the mathematical limit 0 L L → c . Instead a contribution to the flow from the canopy dynamics remains in the flow above. This signals that the canopy does not tend to a passive constant roughness length in the accelerating and decelerating flow over a hill and casts into doubt the very concept of using a roughness length in non-uniform turbulent boundary layer flows.
We have also written the right hand side of the equation in one-dimensional form making the implicit assumption that terms involving vertical gradients of mean quantities will dominate those containing horizontal gradients. See the scaling arguments in §5.
The three terms on the RHS of (A1) are usually called: shear production, turbulent and pressure transport and pressure-strain interaction, respectively.
Pressure-strain interaction is the main sink term for the covariance, u w ′ ′. A standard set of parameterizations for the third moment expressions in terms of the first and second moments have been proposed by Launder (1990) . These expressions represent the third moments that appear in the transport term, by an effective diffusivity multiplied by the gradient of u w while the pressure-strain terms are split into rapid and return to isotropy parts Launder (1990) . Ayotte et al (1999) showed that these parameterizations worked satisfactorily in plant canopies without altering the values of Launder's coefficients so long as the expression for kinetic energy dissipation that appears in the parameterizations is adjusted to reflect canopy dynamics Finnigan (2000) .
The parameterized equation can be written,
then the second order closure parameterizations we have used dictate that the length scale l must depend upon both the velocity scale q and the kinetic energy dissipation rate , that is,
Within the canopy, the dominant process controlling transfer of turbulent kinetic energy to dissipation scales is not the free-air eddy cascade but the conversion of large eddies to small eddies via interaction with the foliage elements. Furthermore, in moderately dense canopies, the primary site for dissipation is not in fine-scale eddies in the free air but in attached boundary layers on the foliage (Ayotte et al, 1999; Finnigan, 2000) . These processes depend upon the rate of working of the flow against foliage drag and the controlling lengthscale is . In section A2 below we derive the dynamically significant canopy mixing length, which is proportional to . Henceforth, therefore, we identify the lengthscale l with the canopy mixing length defined by (5) and adjust the other constants appearing in (A2) accordingly.
With l and q constant, equation (A2) takes a simple form, whose solution can be written in terms of a Green's function G z , character of canopy turbulence as the shear stress at z depends on the weighted integral of the velocity gradient times the diffusivity over a sensible height range. The strongest weighting is at z, however and the diffusivity and velocity gradient at z are the strongest determinants of ( )
A comparison of equations (A1) and (A2) reveals that, when the transport terms are negligible, the Green's function (A5) becomes a delta function and we recover an eddy diffusivity formula for the shear stress.
A2
Mixing length Closure
Second order closure even in the form of a Green's function presents severe obstacles to analytic solutions. We now construct a simple mixing length closure that can be compared to the Green's function solution. We saw in (A2) that, when the transport terms are ignored, the shear stress can be expressed as, 
We can define an integral width, W for the Greens function,
With
, which is typical of uniform dense canopies on flat ground, we then find that 2 ≈ W l . In other words the Green's function strongly weights the computation of stress towards the mixing length expression at z and the tails of G z will perturb this only when the velocity varies significantly on scales small compared with l.
Hence we expect that no serious errors will be introduced by replacing the more physically correct, non-local Green's function expression for shearing stress by the simple mixing length formula, (A6) with (A7) so long as we restrict our attention to canopies with uniform foliage distributions. We can expect problems to arise when the momentum sink parameter Ca is a strong function of height as occurs in a canopy with a dense crown and open trunk space. In such cases, reverting to the non-local closure and numerical solution would be necessary.
Appendix B: Vertical velocity and stream function
The solutions obtained in the bulk of the text are now used to calculate the stream function and then the vertical velocity of the flow in the canopy. The uniformly valid solution for the horizontal velocity in the canopy is given in (34). Form of the Greens Function for canopy density parameter Cah=0.2.
Figure B1
Definition of the streamfunction integration domains.
